Abstract. We investigate the globally generated vector bundles on complete intersection Calabi-Yau threefolds with the first Chern class at most 2. We classify all the globally generated vector bundles of an arbitrary rank on quintic in P 4 and investigate the globally generated vector bundles of rank 2 on complete intersection Calabi-Yau threefolds of codimension 2.
Introduction
Globally generated vector bundles on projective varieties play an important role in classical algebraic geometry. If they are nontrivial they must have strictly positive first Chern class. The classification of globally generated vector bundles with low first Chern class has been done over several rational varieties such as projective spaces [2] [24] and quadric hypersurfaces [5] .
In this paper we examine the similar problem for the complete intersection Calabi-Yau (CICY for short) threefold. There are exactly five types of such threefolds: the quintic in P 4 , the complete intersections (3, 3) and (2, 4) in P 5 , the complete intersection (2, 2, 3) in P 6 and finally (2, 2, 2, 2) in P 7 . Calabi-Yau threefolds in general have been objects of extended interest in algebraic geometry, mainly because of its relations with the theory of mirror symmetry. Especially showing the existence and counting the number of projective curves in Calabi-Yau threefolds have been the main problems in many works, for example [11] [20] and [21] .
The Hartshorne-Serre construction states that the construction of vector bundles of rank r ≥ 2 on a smooth variety X with dimension 3 is closely related with the structure of curves in X and it inspires the classification of vector bundles on Calabi-Yau threefolds. There have been several works on the classification of arithmetically Cohen-Macaulay (ACM) bundles on Calabi-Yau threefolds, e.g. [22] and so it is sufficiently timely to classify the globally generated vector bundles on Calabi-Yau threefolds.
Our first main result is the following: Theorem 1.1. Let E be an indecomposable and globally generated vector bundle of rank r ≥ 2 on a smooth quintic hypersurface X = X 5 in P 4 . If c 1 (E) ≤ 2, then one of the following holds:
(1) π * P (Ω P 3 (2)), where π P : X − → P 3 is a linear projection from a point P ∈ P 4 \ X, or a quotient of it by O X . (2) E ∼ = T P 4 (−1) | X or a quotient of it by O X . The second main result is on CICY threefolds of codimension 2.
Theorem 1.2. Let E be a globally generated vector bundle of rank 2 on a CICY threefold X of codimension 2. If c 1 (E) ≤ 2, then the possible c 2 (E) is as follows:
(1) On X = X 2,4 , we have c 2 (E) ∈ {0, 4, 8, 11, 16}.
(2) On X = X 3,3 , we have c 2 (E) ∈ {0, 9, 12, 15, 16, 18}.
And for each Chern classes there exist corresponding globally generated vector bundles on X.
Indeed we describe completely the corresponding curves in X by the Hartshorne-Serre construction, except the case of c 2 (E) = 16, where we show the existence but we did not succeed in the full classification of vector bundles.
The paper is divided into four parts in a natural way:
In the first part, Section 2, we collect some necessary technical information about CICY threefolds, the Hartshorne-Serre construction and the Castelnuovo's bound for curves in projective spaces. Then we propose a general result on the bound of degrees of the associated curves to globally generated vector bundles.
The second part, mainly Section 3, is devoted to the proof of Theorem 1.1. We first classify the globally generated vector bundle on X 5 with c 1 (E) = 1 and observe that every such bundles are obtained as pullbacks of bundles on P 3 by a linear projection or restriction of bundles on P 4 . We investigate the globally generated vector bundles on X 5 with c 1 (E) = 2 in terms of the locally free resolution and observe that they have the same list in [24, Theorem1.1] .
The third part consisting of Sections 4-6, is devoted to the proof of Theorem 1.2. In Section 4 we classify globally generated vector bundle on CICY threefolds X with c 1 (E) = 1, or c 1 (E) = 2 and h 0 (E(−1)) > 0. Then we suggest four main types of vector bundles as examples and check the existence. In Section 5 and 6 are separately devoted to proving that these four types of vector bundles are only possibilities of globally generated vector bundles on X with c 1 (E) = 2 and h 0 (E(−1)) = 0. We investigate the scheme-theoretic base locus of the quadric hypersurfaces of P 5 containing the associated curve C to a vector bundle and check the existence one by one with respect to dimension and the degree of the irreducible components of the reduced scheme of the base locus.
In the last part, mainly Section 7, we construct an example of globally generated vector bundles of rank 2 on CICY threefolds of codimension 3 with c 1 (E) = 2, mainly using the techniques in the previous sections. We do not know other examples, while our tools are not enough to say that they are the only possibilities.
We would like to thank Carlo Madonna for introducing the problem to us.
Preliminary
Definition 2.1. A smooth 3-dimensional projective variety X is called a Calabi-Yau threefold if its canonical class is trivial. In particular, if a complete intersection X = X r 1 ,...,r k ⊂ P k+3 of hypersurfaces of degree r 1 , . . . , r k , is Calabi-Yau, then it is called a complete intersection Calabi-Yau (CICY for short).
Remark 2.2. It turns out that there are only five types of CICY threefolds:
(1) the quintic X 5 ⊂ P 4 , (2) the intersection X 2,4 ⊂ P 5 of a quadric and a quartic, (3) the intersection X 3,3 ⊂ P 5 of two cubics, (4) the intersection X 2,2,3 ⊂ P 6 of two quadrics and a cubic, and (5) the intersection X 2,2,2,2 ⊂ P 7 of four quadrics. Thus we can denote each CICY by X u with u = r 1 · · · r k instead of X r 1 ,...,r k , e.g. a CICY threefold X 8 means the complete intersection X 2,4 . Note that any 4 general elements in |O X (c 1 )| have no common zero and so F is locally free and globally generated. All globally generated vector bundles with such Chern classes are obtained in this way; e.g. in the case of c 1 = 1 and r = h 0 (O X (1)) − 1, we have F ∼ = T P n (−1) | X .
Remark 2.4. Let X = X 2,4 = U 2 ∩ U 4 be the intersection of a quadric U 2 and a quartic U 4 . Note that U 2 is uniquely determined by X, i.e. U 2 is the unique quadric hypersurface in P 5 containing X. In general U 2 is smooth, but there are some X for which U 2 has an isolated singular point, while U 4 does not contain that singular point.
Let E be a vector bundle of rank 2 on a CICY threefold X u and then we have c 1 (E(t)) = c 1 (E) + 2t and c 2 (E(t)) = c 2 (E) + utc 1 (E) + ut 2 . The Grothendieck-Riemann-Roch formula also gives (1) χ(E) = u 6 c In particular, E ≃ O ⊕r X is the unique globally generated vector bundle of rank r on X with c 1 = 0. Thus we can assume that c 1 ≥ 1.
Let X be a smooth Calabi-Yau threefold, not necessarily with Pic(X) ∼ = Z. In the study of globally generated vector bundles on X it is natural to try to look first at low c 1 vector bundles. Since globally generated vector bundles with trivial determinant are trivial, it is natural to look first at the bundles with the least positive line bundle as determinant on X. When Pic(X) = Z, we find it easy to do the following first step.
We say that a line bundle R on X has property ⋄ if the following conditions are satisfied:
(1) R is globally generated; (2) R = O X ; (3) A is a globally generated line bundle with
Remark 2.6. Let R be a line bundle with ⋄. Then any D ∈ |R| is nonempty, reduced and irreducible. The Bertini theorem gives that D is smooth.
Lemma 2.7. Let R be a line bundle with ⋄. Then we have h 1 (R ∨ ) = 0.
Proof. Since X is Calabi-Yau, then we have h 1 (O X ) = 0. For a fixed D ∈ |R|, we have D = ∅ and D is reduced and irreducible by the property ⋄ on R. In particular we have h 0 (O D ) = 1. Using the exact sequence
Now assume that E is globally generated vector bundle of rank r on X with det(E) = R having the propoerty ⋄ and then it fits into the following exact sequence
where C is a smooth curve of degree c 2 (E) on X. If C is empty, then E is isomorphic to O ⊕(r−1) X ⊕ R and so we may assume that C is not empty. It would mean that we assume that H 0 (E ⊗ R ∨ ) = 0. Restricting the sequence (2) to C, we have
and in particular ω C ⊗ R ∨ is globally generated. Lemma 2.7 and the Hartshorne-Serre correspondence give the converse of this argument: Theorem 2.8. [3, Theorem 1] Let R be a line bundle on X with ⋄.
(1) There is a bijection between the set of all pairs (E, s), where E is a spanned vector bundle of rank 2 on X with det(E) ∼ = R and 0 = s ∈ H 0 (E), and the smooth curves C ⊂ X with I C ⊗ R spanned and
There is a bijection between the set of all pairs (E, V ), where E is a spanned vector bundle of rank r on X with det(E) ∼ = R, and V ⊆ H 0 (E) is an (r − 1)-dimensional linear subspace with dependency locus of codimension 2, and the smooth curves C ⊂ X with I C ⊗ R spanned and
There is a bijection between the set of all pairs (F, s), where F is a spanned reflexive sheaf of rank 2 on X with det(E) ∼ = R and 0 = s ∈ H 0 (E), and reduced curves C ⊂ X with I C ⊗ R spanned and ω C ⊗ R ∨ spanned outside finitely many points, except that C = ∅ corresponds to O X ⊕ R with s nowhere vanishing.
Proof. For part (3), we can generalize the theory to any reduced curve C It enables us to classify the globally generated vector bundles via the classification of curves C in P n with proper numeric invariants such that ω C (−c 1 ) is spanned. Write π(d, n) for the upper bound on the genus for nondegenerate curves of degree d in P n . Recall that we have in [16, Theorem 3.7] π(8, 3) = 9, π(11, 4) = 12, π(13, 5) = 12, π(14, 5) = 15, π(15, 5) = 18 π(16, 6) = 15, π(17, 6) = 18, π(19, 7) = 18, π(20, 7) = 21 when n ≤ 7 and d = g − 1, and in each cases the curves with maximal genus are classified.
In general let X be a smooth and connected projective threefold with Pic(X) ∼ = Z, generated by an ample line bundle H = O X (1). Set O X (e) := ω X . Assume moreover that the irregularity of X is 0, e.g. X is a CICY. If E is a globally generated vector bundle of rank 2 on X with c 1 (E) = 2,
where C is a smooth curve with ω C ∼ = O C (2).
Proof. Since I C (2) is spanned, so C is contained in the complete intersection of quadric hypersurfaces of X, and in particular we have
The equality holds if and only if C is the complete intersection of two hypersurfaces in |O X (2)|, but it is impossible because it would give ω C ∼ = O C (4) by the adjunction formula.
Let us assume deg(C) = 4 deg(X) − 1 and take two general
and it implies that each quadric hypersurface containing C contains D and so h 0 (I C (2)) = 2. In particular I C (2). Now let us assume deg(C) = 4 deg(X) − 2 and again take two general 
and so h 0 (I C (2)) = 2. In particular I C (2) is not spanned. If D is a reduced conic, we get deg(D ∩ C) = 6 and again I C (2) is not spanned; if D is reducible, then at least one of its components, say T , satisfies deg(T ∩ C) > 2. The case of D with a double structure on a line does not arise for a general Y 1 , Y 2 , because Y 1 ∩ Y 2 would be smooth outside C by the Bertini theorem.
Quintic Hypersurface
In this section let us assume that X = X 5 is a smooth quintic hypersurface in P 5 .
Example 3.1. Fix two planes U 1 , U 2 ⊂ P 4 such that U 1 ∪ U 2 spans P 4 , i.e. U 1 ∩ U 2 is a single point P and asume P / ∈ X and C i := X ∩ U i , i = 1, 2, is a smooth plane curve of degree 5. Setting C = C 1 ∪ C 2 and U := U 1 ∪ U 2 , we have ω C ∼ = O C (2) and h 0 (I C (1)) = 0. Therefore to get the globally generated bundle E associated to C it is sufficient to prove that I C (2) is globally generated. Since C is the complete intersection of X and U , it is sufficient to prove that I U,P 4 (2) is globally generated at all points of X. Indeed its global sections span I U,P 4 (2) outside P : Fix a hyperplane H ⊂ P 4 with P / ∈ H. Since U is a cone with vertex P , it is sufficient to check that I U ∩H,H (2) is globally generated, which is true because U ∩ H is the union of two disjoint lines.
The example 3.1 gives us a globally generated vector bundle of rank 2 on X with the Chern classes (c 1 , c 2 ) = (2, 10).
Remark 3.2. Let π P : X 5 − → P 3 be a linear projection from a point P ∈ P 4 \ X 5 , which is the intersection U 1 ∩ U 2 . Then the image of C := C 1 ∪ C 2 under π is D := L 1 ∩ L 2 , the union of two skew lines in P 3 , where L i := π P (C i ). In P 3 we have the extension
and we have F ∼ = N P 3 (1), a null correlation bundle on P 3 twisted by 1. In view of [18, Theorem 1.1 and Remark 1.1.1], the bundle in Example 3.1 is isomorphic to π * P (N P 3 (1)).
3.1. Case of rank 2. Our goal in this subsection is to prove the following theorem.
Theorem 3.3. Let E be an globally generated vector bundle of rank 2 on X = X 5 ⊂ P 4 with the Chern classes (c 1 , c 2 ) and c 1 ≤ 2. Then we have either
, where π P : X 5 − → P 3 is a linear projection from a point P ∈ P 4 \ X 5 . In particular, we have (c 1 , c 2 ) ∈ {(1, 0), (2, 0), (2, 5) , (2, 10)}.
Proof. By Proposition 2.5 we can assume that H 0 (E(−c 1 )) = 0. If c 1 (E) = 1, then E fits into the sequence
where C is a smooth curve. If h 0 (I C (1)) ≥ 3, then we have C ∼ = P 1 a line, which is not possible since ω C ∼ = O C (1). Thus we have h 0 (I C (1)) = 2 and in particular C is a complete intersection of two hyperplane sections of X since I C (1) is spanned. But then we would have ω C ∼ = O C (2) from the minimal free resolution of I C , a contradiction. Now let us assume that c 1 (E) = 2. If h 0 (E(−1)) = 0, then any nonzero section of E(−1) induces an exact sequence 
Let E be a globally generated vector bundle of rank 2 on a smooth quintic hypersurface X = X 5 ⊂ P 4 with c 1 (E) = 2 and assume that H 0 (E(−1)) = 0, i.e. h 0 (I C (1)) = 0 in the sequence
Let C = ⊔C i where each C i is a smooth and connected curve of degree d i and genus Proof. For three general A 1 , A 2 , A 3 ∈ |I C (2)|, let B i ⊂ P 4 be the unique quadric hypersurface such that B i ∩ X = A i as a scheme for i = 1, 2, 3. Since I C (2) is globally generated, we may assume that A 1 ∩ A 2 = C ∪ T where T is a curve and C ∪ T contains only finitely many singular points, all of them contained in C by the Bertini theorem. So B 1 ∩ B 2 is a reduced surface of degree 4 and the same is true for B 1 ∩ B 3 and B 2 ∩ B 3 . Set
(a) Assume that B 1 ∩B 2 ∩B 3 contains no surface, except the case giving Example 3.1. In this case B 1 ∩ B 2 ∩ B 3 is a complete intersection curve of degree 8 containing C. Therefore deg(C) ≤ 8 with equality when C is a complete intersection of 3 quadric hypersurfaces of P 4 . But the equality is impossible, because it would give ω C ∼ = O C (1) and so we have d ≤ 7. Let C i be a connected component of C. If C i is a plane curve, then d i = 5 and g i = 6. If C i spans P 3 , then the upper bound for the genus gives d i ≥ 8 with equality if and only if C i is the complete intersection of a quadric surface and a quartic surface in P 3 . If C i spans P 4 we have d i ≥ 11 from π 4 (11) = 12. The only possibiity is that C is connected , but it implies H 0 (E(−1)) = 0, contradicting our assumption.
Therefore it is sufficient to prove that B 1 ∩ B 2 ∩ B 3 contains no surface, unless we are as in Example 3.1.
(b) Assume that B 1 ∩B 2 ∩B 3 is the union of the surface S plus something else with lower dimension. Since B 1 ∩ B 2 is a reduced degree 4 surface, we have deg(S) ≤ 3 and S is reduced. Since I C (2) is spanned and A 1 , A 2 , A 3 are general, T ∩ T ′ , T ∩ T ′′ and T ∩ T ′′ are finite and so (S ∩ X) red = C, using ampleness of the X in P 4 . Since H 0 (E(−1)) = 0, C spans P 4 and so we get that S is either
• the union of two planes with a single intersection point, • the union of 3 planes M 1 ∪ M 2 ∪ M 3 (not in a P 3 , but the planes may intersect), • the union of an irreducible quadric surface Q and a plane not in the P 3 spanned by Q, or • an integral non-degenerate surface of degree 3 in P 4 .
Note that in the first case C is the disjoint union of two quintic plane curves, which is in Example 3.1. Now assume that C is not as in Example 3.1, but that S contains a plane M . We get that C has a connected component M ∩ X, which is a smooth plane quintic.
is a disjoint union of 3 lines and so it is not scheme-theoretically cut out by quadrics at all points of X ∩ H. Therefore
is not globally generated along X.
(b2) Now assume S = Q ∪ M with Q an irreducible quadric and M a plane. Since C is smooth, we get that the scheme M ∩ Q is finite. So S ∩ H is a disjoint union of a line L and a smooth conic D for a general hyperplane H ⊂ P 4 . We claim that each quadric surface Q ′ ⊂ H containing H ∩ S is the union of the plane D and a plane containing L. The claim is true, because L ∩ D is a point not in D , and so S ∩ H is not cut out by quadrics at each point of X ∩ D , a contradiction.
(b3) Now assume that S is an integral and non-degenerate degree 3 surface and then S is either a smooth scroll or a cone over the rational normal curve of P 3 .
(b3.1) Assume that S is smooth. Let F 1 be the Hirzebruch surface with minimal self-intersection −1, i.e. the blow-up of P 2 at one point. We have Pic(F 1 ) ∼ = Z ⊕2 = Z h, f , where h is the section with negative selfintersection and f is a fiber of the ruling of F 1 . Note that h 2 = −1, h·f = 1, f 2 = 0 and ω
. S is obtained by the complete embedding |h + 2f |. Each linear system |ah + bf | with b > a, is very ample and it corresponds to curves of degree a + b with O C ((a − 2)h + (b − 3)f ) ∼ = ω C ; in the case b = −a we also get a smooth curve with the same degree and genus. Except disjoint unions of lines (which do not arise as components of C, because ω C ∼ = O C (2)) all smooth curves in S are connected. Setting d := deg(C) and µ ≥ 1 the multiplicity of X ∩ S at a general point of S, we have µd = 15 and so we have (µ, d) = (1, 15) or (3, 5) . We may exclude the latter case, because π(5, 4) = 1 and an elliptic or rational curve does not satisfy ω C ∼ = O C (2). Assuming d = 15, i.e. a + b = 15, we have
and it has no integral solution. (b3.2) Assume that S is not smooth, i.e. it is a cone over a rational normal curve in P 3 . For the Hirzebruch surface F 3 , we have Pic(
) and S is obtained by the linear system |h + 3f |, which contracts h to the vertex O of the cone S; to get a smooth divisor C on S we need C ∈ |ah + bf |,
is not a single line, so we have a i > 0 for all i. Note that for c > 0 and d > 0, we have
Since C i ∩ C j = ∅ for all i = j, we get a contradiction and so C must be connected. Since C is connected, the scheme X ∩S has the same multiplicity µ. From µd = 15, we get (µ, d) = (1, 15) or (3, 5) . As in (b3.1) we exclude the latter case. Now we have 15 = d = (ah + bf ) · (h + 3f ) = b and it implies a = 5 since 3a ≤ b ≤ 3a + 1. We have ω C ∼ = O C (3h + 10f ) and hence 2g − 2 = 50, i.e. g = 26, a contradiction.
Case of Higher Rank.
Let E be a globally generated vector bundle of rank r > 3 on X. We know that it fits into an exact sequence
where F is a globally generated vector bundle of rank 3 on X with c i (
F is a rank 3 globally generated vector bundle and E is any coherent sheaf fitting into the sequence (2), then E is a rank r globally generated vector bundle with c i (E) = c i (F), i = 1, 2, 3, and h 0 (E) = h 0 (F) + r − 3. This does not give us a complete classification, but only a very rough one unless h 1 (F ∨ ) = 0; in this case the sequence (4) splits and hence
Proposition 3.5. Let E be an indecomposable and globally generated vector bundle of rank r ≥ 3 on X = X 5 with c 1 (E) = 1. Then we have either
In particular there is no such bundles with r ≥ 5.
Proof. Let F be a globally generated vector bundle of rank 3 on X = X 5 with c 1 (E) = 1 and then it fits into the sequence
where C is a smooth curve. If C = ∅, then we have
is not globally generated. Thus we have h 0 (I C (1)) = 2, i.e. C is the complete intersection of two hyperplane sections of X. From the minimal free resolution of I C we have
X gives the cokernel F which is locally free since their common zero L a point is not contained in X. In case of r ≥ 4, the bundle E can fit into the sequence (4) . E has O X as a direct summand if and only if the extension (4) is induced by linearly dependent e 1 , . . . , e r−3 ∈ H 1 (F ∨ ). Since F fits into the sequence (5)and so h 1 (F ∨ ) = 1, so the maximum possible rank of indecomposable E is r = 4 and it fits into the equence
It also implies that any indecomposable and globally generated vector bundle F of rank 3 fitting into the sequence (5 is a quotient of
Now let us consider the case of c 1 (E) = 2.
Remark 3.6. By Theorem 3.3, the only indecomposable vector bundle in the list is fitted into the sequence (2) with (r, c 1 ) = (2, 2) and C = C 1 ∪ C 2 the disjoint union of two plane quintics in planes U 1 , U 2 respectively. Note that dim Ext
and so any indecomposable bundle E of rank r ≥ 3 fitting into the sequence (2) with the same C must have rank r = 3 and it is determined by the choice of U = U 1 ∪ U 2 . Note that the quotients of E by O X are the bundles in Example 3.1. Since N P 3 (1) is the quotient of Ω P 3 (2) by O P 3 , so we have E ∼ = π * P (Ω P 3 (2)) due to the generalization of [18, Theorem 1.1 and Remark 1.1.1].
Proposition 3.7. Let E be an indecomposable and globally generated vector bundle of rank r ≥ 3 on X = X 5 with c 1 (E) = 2. Then we have either
Proof. Since c 1 (E) = 2, so E fits into the sequence
and so we can assume C = ∅. Then C is a smooth curve of degree d at most 4 deg(X) = 20 such that
C is the complete intersection of two hypersurfaces of degree 2 in X and so h 0 (I C (2)) = 2, then from the minimal free resolution of
− → E − → 0. Conversely any r + 1 general section in H 0 (O X (2)) whose common zero is empty, defines a locally free sheaf E of rank r. If r = 3, we have h 1 (E ∨ ) = 11 and so the maximum possible rank r is 14.
Let
, be a smooth curve with s connected component and then we have d i ≤ g i − 1. Now assume h 0 (I C (2)) ≥ 3 and as in the proof of Proposition 3.4, let us choose the unique quadric hypersurface
contains no surface, then we have deg(C) ≤ 8 with equality when C is a complete intersection of 3 quadric hypersurfaces of P 4 . But the equality is impossible, because it would give ω C (−2) ∼ = O C (−1) which is not globally generated. Thus we have d ≤ 7. Since π(5, 2) = 6, π(8, 3) = 9 and π(11, 4) = 12, so C is a connected plane curve of degree d ≥ 5. Since there is no plane contained in X, so C is contained in a complete intersection of two hyperplane sections and in particular we have d = 5. From the minimal free resolution of I C we have
is the union of the surface S plus something else with lower dimension. Then S is reduced with deg(S) ≤ 3.
(b1) If H 0 (E(−1)) = 0, then C spans P 4 and so S can be one of the 4 types in (b) of the proof of Proposition 3.4. Using the exact same argument, S cannot be the union of 3 planes or the union of an irreducible quadric surface Q and a plane not in the P 3 spanned by Q. If S is an integral and nondegenerate surface of degree 3, then S is either a smooth scroll or a cone over the rational normal curve of P 3 . In the former case, using the notations in (b3.1) of Proposition 3.4, we have d = a + b = 15 and from the global generatedness of ω C (−2) we have a ≥ 4 and 30a 2 − 31a + 60 ≤ 0, which is not possible. When S is a cone over a rational normal curve in P 3 , then using again the notations in (b3.2) of Proposition 3.4, we get (a, b) = (5, 15), i.e. C ∈ |5h + 15f | connected. From the minimal free resolution of
we obtain the sequence (2) in the assertion. Assume now that S is the union U = U 1 ∪ U 2 of two planes with a single intersection point. Let C i = U i ∩ X be a plane quintic and set C = C 1 ∪ C 2 . Then by Example 3.1, the sheaf I C (2) is spanned and a bundle fitting into the sequence (2) is also a globally generated vector bundle of rank r. By Remark 3.6 we have r = 3 and E ∼ = π * P (Ω P 3 (2)). (b2) Assume that H 0 (E(−1)) = 0, i.e. C is degenerate. Thus C is contained in the complete intersection of a hyperplane section W := X ∩ H and a quadric hypersurface of X, and in particular we have d ≤ 10. If d = 10, then from the minimal free resolution of I C we have the sequence (3) in the assertion. Assume d ≤ 9 and then C is connected. In particular we have dim( C ) = 3 and 8 ≤ d ≤ 9. If d = 8, we have g = 9 since π(8, 3) = 9. Since I C (2) is spanned, so for the base locus S ′ of I C,H (2), we have C = S ′ ∩ W . We can assume that S ′ is a surface since we would have deg(C) ≤ 4 if S ′ is a curve. If S ′ is a quadric surface, i.e. h 0 (W, I C,W (2)) = 1, then C is the complete intersection of a quadric and a hyperplane section in X, excluding the case. If S ′ contains a plane M , then C has a plane quintic M ∩ X as a component, a contradiction.
CICY of codimension 2
In this section we consider the CICY of codimension 2, i.e. X = X 2,4 or X 3,3 . Let us start with the case of bundles with c 1 (E) = 1.
Proposition 4.1. Let E be a globally generated vector bundle of rank 2 on X = X 2,4 or X 3,3 with c 1 (E) = 1. Then we have
and E fits into the exact sequence
where C is a plane quartic.
Proof. We can assume that h 0 (E(−1)) = 0 and so E fits into the sequence
where C is a smooth curve on C with ω C ∼ = O C (1) and c 2 (E) = deg(C).
In particular, we have p a (C) = deg(C)/2 + 1 ≥ 3. Since C is contained in a complete intersection of two hyperplane sections of X and so deg(C) ∈ {4, 6, 8}. First let us assume that X = X 2,4 . If deg(C) = 8, then C is a complete intersection of two hyperplane sections of X and so we have ω C ∼ = O C (2) from the minimal free resolution of I C , a contradiction. If deg(C) = 6, C is a canonically embedded curve in P 3 . In particular it cannot be contained in a plane and so h 0 (I C (1)) = 2. But it is not possible since I C (1) is spanned and C is not a complete intersection. If deg(C) = 4, then C is a plane quartic. Instead of showing the existence of such a curve, let us consider the intersection C ′ of a plane L ⊂ U 2 with U 4 . We have h 0 (I C ′ (1)) = 3 and C ′ is the scheme-theoretic intersection inside U 4 . Thus I C ′ (1) is spanned and it implies the existence of globally generated E in the sequence (6) . Moreover E is locally free, because C ′ is a locally complete intersection and
In the case of X = X 3,3 , we can follow verbatim the previous argument on X 2, 4 . Indeed the case of deg(C) = 4 does not occur, since a smooth X 3,3 contains no plane.
Remark 4.2.
A priori the proof above implies the existence of a smooth plane quartic in every X 2,4 ⊂ P 5 . In fact, we can show the existence directly for general X 2,4 ; for a plane L ⊂ U 2 , we have L U 4 , because X is smooth. Now if X 2,4 contains only finitely many lines, then we can take L so that L ∩ U 4 contains no lines. Thus we have a plane L in U 2 such that L ∩ U 4 is smooth. Now let us deal with the case c 1 (E) = 2. Again we can assume that
and so we may assume Z = ∅. In particular, Z is a locally complete intersection subscheme of codimension 2 with
, then we have h 0 (E(−1)) = 1, i.e. the bundle E is determined by the choice of Z uniquely. Proof. Let P 55 be the projective space of all cubic hypersurfaces of P 5 and G(2, 5) be the Grassmannian of all planes in P 5 . For any plane V ∈ G(2, 5), the set of all cubics in P 5 containing V is a projective space of dimension 45. Since dim G(2, 5) = 9 and the flat limit of a family of planes in a plane, we get that the set Σ ⊆ P 55 of all cubic hypersurfaces of P 5 containing at least one plane is a nonempty hypersurface of P 55 . It implies that any pencil of cubic hypersurfaces meets Σ and so there is T ∈ P(H 0 (P 5 , I X 3,3 (3))) with T containing a plane V . Take any cubic hypersurface T ′ ⊂ P 5 with X 3,3 = T ∩T ′ . Then we get that X 3,3 contains a plane cubic Z := T ′ ∩V . Proposition 4.5. Let E be an indecomposable and globally generated vector bundle of rank 2 on X = X 2,4 or X 3,3 with c 1 (E) = 2 and h 0 (E(−1)) > 0. Then it fits into the sequence
where Z is a plane cubic curve.
Proof. On X = X 2,4 = U 2 ∩U 4 , we have h 0 (I Z (1)) ≤ 3 and so h 0 (I Z (1)) = 3. It implies that Z should be a plane cubic; Let us start with a line D ⊂ X. It exists on all X by [8] . Then we have a 2-dimensional family of planes Π ⊂ U 2 and so we have Π ∩ U 4 = D ∪ Z with Z a plane cubic.
Similarly on X = X 3,3 we have h 0 (I Z (1)) = 3 and so Z is a plane cubic and such curves always exist on every X 3,3 by Lemma 4.4. Now we have the following examples of globally generated vector bundles on X with c 1 (E) = 2 and H 0 (E(−1)) = 0. Example 4.6. Let us generalize Example 3.1 to higher dimensional case. Let us fix two linear subspaces U 1 , U 2 ⊂ P n of codimension 2 such that U := U 1 ∪ U 2 spans P n (or equivalently dim(U 1 ∩ U 2 ) = n − 4) and U is transversal to X, i.e. each U i is transversal to X and U 1 ∩U 2 ∩X = ∅. Setting C := U ∩ X and C i := X ∩ U i , each C i is a smooth complete intersection and
by the adjunction formula. Therefore to get the globally generated bundle E associated to C it is sufficient to prove that I U,P n (2) is spanned outside U 1 ∩ U 2 . Every quadric hypersurface containing U is a cone with U 1 ∩ U 2 contained in its vertex. Therefore it is sufficient to prove that
Example 4.7. Let us consider a complete intersection C of 4 quadrics in P 5 . We have ω C ∼ = O C (2) and I C (2) is spanned in any X containing C. The cohomology groups of the sheaves I C,P 5 (t) give h 0 (O C ) = 0 and in particular C is connected. Indeed such curves exist on some X 2,4 and X 3,3 by the following Lemmas 4.8, 4.9. Proof. For a smooth complete intersection surface S of 3 quadric hypersurfaces in P 5 , it is sufficient to prove that S is contained in a quartic hypersurface with finitely many singular points. Indeed S is contained in a smooth quartic; Fix a general W ∈ |I S,P 5 (4)|. Since I S,P 5 (2) is generated by quadrics, S is cut out by quartic hypersurfaces and so by the Bertini theorem, W is smooth outside S. For any point P ∈ S, define a set S P := {A ∈ |I S,P 5 (4)| | A is singular at P }.
For any O ∈ P 5 , let O 2 be the closed subscheme of P 5 with I 2 O,P 5 as its ideal sheaf. Then O 2 is a 0-dimensional scheme with O 2 red = {O} and deg(O 2 ) = 6. If T ⊂ P 5 is any hypersurface containing O, then T is singular at O if and only if O 2 ⊂ T . For any P ∈ S, let T P S ⊂ P 5 be the tangent plane to S at P . Since dim(S) = 2, to prove that W is smooth at each point of S (resp. smooth outside finitely many points of S) it is sufficient to prove that
for all P ∈ S. For a fixed point P ∈ S, there is a smooth Q ′ ∈ |I S,P 5 (2)| with Q ′ smooth at P since S is a complete intersection. Let M 3 ⊂ T P Q ′ be a 3-dimensional linear subspace such that M 3 ⊃ T P S. To prove that h 0 (I P 2 ∪S,P 5 (4)) ≤ h 0 (I S,P 5 (4)) − 3, it is sufficient to find W 1 , W 2 , W 3 ∈ |I S,P 5 (4)| such that
and W 3 smooth at P . Since S is the scheme-theoretic intersection of quadrics, there is such a quadric Q ⊃ S with M 1 Q. Choose hyperplanes
Lemma 4.9. There exist some X 3,3 containing C in Example 4.7 Proof. Let Λ be the family of complete intersection curves of 4 quadric hypersurfaces in P 5 and ∆ be the space of cubic hypersurfaces in P 5 . Then we can define an incidence variety Γ to be the set of all (T, Y ) with T ∈ Λ and Y ∈ ∆ such that T ⊂ Y with two natural projections:
For each T ∈ Λ, even reducible and/or with multiple components, we have h 0 (P 5 , I T (3)) = 24 and so the projection p 1 : Γ − → Λ is induced by a vector bundle F of rank 24, i.e. we have Γ ∼ = P(F) a projective bundle whose fibre is P 23 . In particular Γ is irreducible and with dimension dim(Λ) + 23 = 91.
Let Λ ′ be the subscheme of Λ consisting of smooth curves and Γ ′ := p For any P ∈ C let E(P ) be the set of all cubic hypersurfaces containing C ∪ T P Y . This is a closed subset of the projective space |I C,P 5 (3)|. By the Bertini theorem W is smooth outside C. Since dim(C) = 1, it is sufficient to prove that each E(P ) has codimension at least 2 in |I C,P 5 (3)|. Fix a hyperplane H ⊂ P 5 such that P / ∈ H. Since C is smooth and it is a complete intersection, each quadric hypersurface containing C is smooth at each point of C. Hence the 3-dimensional linear subspace of cubics {Q ∪ H | Q ∈ |I C,P 5 (3)|} is disjoint from each E(P ) and so each E(P ) has codimension at least 4 in |I C,P 5 (3)|.
Example 4.10. Let S ⊂ P 5 be a surfaces of degree 5 with ω S ∼ = O S (−1), possibly with only finitely many singular points, i.e. a weak del pezzo surface of degree 5. Then the sheaf I S,P 5 (2) is spanned. If we take a cubic hypersurface U 3 ⊂ P 5 such that C := S ∩ U 3 is smooth, we have ω C ∼ = O C (2) and for each X = U 3 ∩ U ′ 3 the sheaf I C (2) is spanned. Note that C is connected by the Kodaira's vanishing theorem, since C is an ample divisor of S. From a general section in H 0 (E), we obtain the following exact sequence
where C is a smooth curve with Let us define two fundamental subschemes of P n associated to C; Ψ := the scheme-theoretic base locus of H 0 (P n , I C,P n (2)), Φ := the union of the irreducible components of Ψ red containing C.
Since the map ρ : H 0 (P n , I C,P n (2)) − → H 0 (I C (2)) is surjective, we have Ψ ∩ X = C as schemes. Thus C is scheme-theoretically cut out inside P n by quadric equations and the equations of X. Now we have deg(Φ) ≤ 2 n−dim(Φ) and the equality holds if and only if Φ = Ψ is equidimensional and the complete intersection of n − dim(Φ) quadric hypersurfaces. For each component C i of C, let S i be a fixed reduced and irreducible component S i ⊆ Ψ containing C i (a priori it could be S i = S j even if i = j).
CICY of degree 8
Let us assume that X = X 2,4 is a CICY of degree 8. If the number s of component in C is at least 2 and d ≤ 16 = 2 deg(X), then we get s = 2 and d i = 8 for all i since d i ≥ 8 for all i. This is the case in Example 4.6 by the classification of space curves with extremal genus. Therefore we may assume that either C is connected, i.e. s = 1, or s ≥ 2 and d ≥ 17.
Our main goal in this section is to prove the following assertion. 5.1. Case of s = 1. Let us assume first that C is connected. Since H 0 (I C (1)) = 0, we get d ≥ 14. We know that C is the scheme-theoretic intersection of Φ and a quartic hypersurface and so dim(Φ) ≤ 2. Proof. Assume that Φ is a curve; in our set-up we get Φ = C. Since Φ is cut out by quadrics in P 5 , we have deg(Φ) ≤ 2 4 . Now assume d < 16 and let E be the intersection of 4 general quadric hypersurfaces containing C. Since C is the scheme-theoretic intersection of quadric hypersurfaces, dim(E) is a curve, E is the complete intersection of 4 hypersurfaces of degree 2 and E = C ∪ F with F a scheme of dimension 1 with deg(F ) = 16 − d, i.e. F is a line if d = 15, while F is either a double structure on a line or the union of two disjoint lines or a plane conic if d = 14. Since E is a complete intersection, the adjunction formula gives ω E ∼ = O E (2) and so
. Since E is a complete intersection, the cohomology groups of the sheaves I E,P 5 (t) give h 0 (O E ) = 1. Therefore F ∩ C = ∅ and so
, we get that C is the complete intersection of 4 quadrics hypersurfaces, i.e. C is as in Example 4.7. Now assume dim(Φ) = 2, i.e. Φ is a surface. Since Ψ is cut out by quadrics, we have deg(Ψ) ≤ 8. Conversely for any irreducible surface S ⊂ P 5 cut out scheme-theoretically by quadrics, the sheaf I X∩S (2) is globally generated. To get a bundle on X 2,4 we need the scheme-theoretic intersection C of S with a hypersurface of degree 4 and in particular we get d ≡ 0 (mod 4). The case d = 32 is excluded, because it would give Φ a complete intersection of quadrics and so ω C ∼ = O C (4). Since Φ ∩ X = C as schemes, S must be smooth at each point of X and it is irreducible. Since S is irreducible and it spans P 5 , then deg(S) ≥ 4 and hence d ≥ 16. In the case d = 16 we also get that S is the complete intersection of 3 quadrics and so ω C ∼ = O C (4), a contradiction. Thus we have 5 ≤ deg(S) ≤ 7.
Lemma 5.3. We have deg(S) = 5.
Proof. Assume deg(S) = 5 and then we have deg(S) = codim(S)+2. So S is an almost minimal varieties. Note that if S is smooth, then h 1 (ω S (1)) = 0.
(a) Assume h 0 (O S (1)) = 6, i.e. that the ∆-genus of S is 2 + 5 − 6 = 1 (in the sense of [14] and [15] ). Let H ⊂ P 5 be a general hyperplane. Since S has only finitely many singularities, H ∩ S is a smooth curve of degree 5 spanning H = P 5 . Thus H ∩ S has genus 0 or 1. If H ∩ S has genus 1, then (S, O S (1)) has sectional genus 1. Since O S (1) is very ample, we have ω S ∼ = O S (−1) by [15, Corollary 6.5 at page 46] and so ω C ∼ = O C (3), a contradiction. Now assume that H ∩ S has genus 0. Since S has only finitely many singular points with none of them on C, so the torsion free sheaf ω S is defined and ω C ∼ = ω S (4) | C . Since C is an ample divisor on S, to get a contradiction, it is sufficient to prove that ω S (2) has a section whose zero-locus T is nonempty. For any integer t ∈ Z we have an exact sequence
Since S ∩H is a smooth rational curve of degree 5, so we have h 0 (ω S∩H ) = 0, h 1 (ω S∩H (i)) = 0 for all i > 0 and h 1 (ω S∩H ) = 1. Therefore h 0 (ω S (1)) = 0 and the restriction map
Since each section of ω S∩H (1) has at least one zero, it is sufficient to prove H 0 (ω S (2)) = 0. By [15, 9.2 at page 78], S is not normal and its normalization S ′ has ∆-genus 0. Thus for the pull-back R S ′ of O S (1) to S ′ , we have h 0 (R S ′ ) = 7. If R S ′ is very ample with image not a cone, we can get a contradiction as in (b) (S is smooth at the points of C and so we may use that formula to compute ω C = ω S (4) | C ). Since the map S ′ − → S is finite, R S ′ is spanned and it induces a finite birational morphism; hence if the image of S ′ is a cone, then S is a cone over a non-linearly normal smooth rational curve of P 4 . To compute ω S (2) we may use the associated cone S ′′ ⊂ P 6 , because C does not contain the vertex of S. S ′′ is the image of S ′ = F 5 by the complete linear system |O F 5 (h+ 5f )| and we have ω
We are in the case of ∆-genus 0 and necessarily we have h 0 (O S (1)) = 7. S is now an isomorphic projection from a minimal degree surface S ′ of P 6 ; since this is linear projection, S ′ is not a cone and hence it is a smooth surface scroll either isomorphic to F 1 embedded by the complete linear system |h + 3f | or to F 3 embedded by the complete linear system |h+4f |. In the first case we have ω S ∼ = O S (−2h−3f ) and so h 0 (ω S (2)) = 4, excluding this case for C. In the second case we have ω S ∼ = O S (−2h − 5f ) and so h 0 (ω S (2)) = 4, again excluding this case.
Lemma 5.4. We have deg(S) = 6.
Proof. Assume deg(S) = 6. Again, to get a contradiction we need to prove that H 0 (ω S (2)) has a non-zero section with non-zero locus. Let H ⊂ P 5 be a general hyperplane. Since S has finitely many singular points, D is a smooth, irreducible and nondegenerate curve of H = P 4 . Let g(D) be its genus. Since π(6, 4) = 2, we have g(D) ≤ 2. Since S is cut out schemetheoretically by quadrics, there is no line
The Berzolari formula in [19] for the number of trisecant lines to D gives g(D) = 2 and so D is projectively normal. Since h 0 (O D (1)) = 5, then h 0 (O S (1)) = 6. Since h 0 (H, I D (2)) = 4, we get h 0 (I S (2)) = 4. If S is smooth, then h 1 (ω S (1)) = 0 by the Kodaira's vanishing theorem and so h 0 (ω S (2)) = h 0 (ω D (1)) ≥ 2, excluding this case.
Assume that S has at least one singular point and let π : T − → S be a desingularization map. By the Grauert-Riemenschneider vanishing theorem in [12] , the sheaf π * (ω T ) on S satisfies the usual Kodaira's vanishing statements, i.e. h i (π * (ω T ) ⊗ R) = 0 for all i > 0 and all ample line bundles R on S. In particular we have h 1 (π * (ω T )(1)) = 0. Since S is smooth at all points of C, so ω S and π * (ω T ) are the same in a neighborhood of C. Thus we have π * (ω T )(4) | C ∼ = ω C . Therefore it is sufficient, as in the smooth case, to prove the existence of a non-zero section of π * (ω T )(2). We have π * (ω T ) | D ∼ = ω S | D , because S is smooth in a neighborhood of the hyperplane section D. Since S is smooth in a neighborhood of D, we have the exact sequence
Lemma 5.5. We have deg(S) = 7.
Proof. In the case deg(S) = 2 3 − 1 it is linked to a plane M by the complete intersection E of 3 quadrics. But this case does not exist. Fix a general hyperplane H ⊂ P 5 and set D := S ∩ H and L := M ∩ H. Recall that S is cut out by quadrics; to get a contradiction it is sufficient to prove that every quadric containing S contains M . So it is sufficient to prove that every quadric hypersurface of H containing S contains the line L. Therefore it is sufficient to prove that deg(L ∩ D) ≥ 3.
Set F := E ∩ H. Since F is the complete intersection of 3 quadrics of H, then ω F ∼ = O F (1). In our set-up S = Φ has only isolated singularities and hence D is a smooth curve; therefore F has planar singularities and the degree of L ∩ D is obvious we only need deg(L ∩ D) ≥ 3 and this is true for the following reason; we have
). The case when D∩L is the unique point at which L is an ordinary tangent of D is excluded, because ω L = O F (1).
Case of s ≥ 2.
Assume s ≥ 2 and then we may assume d ≥ 17. Let E ⊂ P 5 be the complete intersection of 3 general quadric hypersurfaces containing C. Since C is cut out in P 5 by some quadric hypersurfaces and a unique quartic hypersurface, we have dim(E) = 2, i.e. E is a complete intersection surface and deg(E) = 8, not necessarily reduced.
Let E 1 , . . . , E z be the irreducible components of E red , i.e. z is the number of the irreducible components of E red , and then we have i deg(E i ) ≤ 8. By rearranging the indices, we can take E 1 , . . . , E w contained in Ψ for 0 ≤ w ≤ z. Since C is cut out in P 5 by some quadric hypersurfaces and a unique quartic hypersurface, we have
Since ω C ∼ = O C (2) = O C (3) and so C is not the scheme-theoretic intersection of E and a quartic hypersurface, so we have z > w. In particular we have d ≤ 30. If deg(E j ) = 1 for some j, then E j cannot contribute to C, because no plane curve D of degree 2 or 4 has ω D ∼ = O D (2) and so we have d ≤ 28.
Let S 1 , . . . , S k with k > 0 be the positive dimensional irreducible components of the reduction of the base locus of |I C,P 5 (2)| (a priori the base scheme may have multiple components and isolated points). Since C is cut out in P 5 by some quadric hypersurfaces and a unique quartic hypersurface, we have 1 ≤ dim(S i ) ≤ 2. Let h be the number of components with dim(S i ) = 2. Call U any quartic hypersurface such that C = (S 1 ∪ · · · ∪ S k ) ∩ U . By reordering we may assume dim(S i ) = 2 if and only if i ≤ h. Notice that if i ≤ h, then S i = E j for some j ≤ w. We also have w = h. A component S i with i > h, i.e. dim(S i ) = 1, either disappear taking the intersection with a quadric hypersurface (i.e. its intersection with a quartic hypersurface is contained in some other S j ) or it is a connected component of C. Proof. Let deg(S i ) = 3 for some i ≤ h. Since no cubic hypersurface of P 3 is cut out by a single quartic hypersurface, the linear span S i has at least dimension 4. It implies dim S i = 4 and S i is a minimal degree surface of P 4 . Thus S i is either a cone over a rational normal curve of P 3 or a smooth and complete embedding of F 1 by the linear system |h + 2f |. Hence A i := S i ∩U 4 ∈ |4h+8f |; any such curve is connected and so A i is a connected component of C. it is not admissible as genus. Now assume that S i is a cone with vertex o and let π : T − → S i be the minimal desingularization. We have T ∼ = F 3 with h = π −1 (o) and π is induced by the complete linear system |h + 3f |. We have A i ∈ |4h + 12f |; again it is connected. Since ω F 3 ∼ = O F 3 (−2h − 5f ) and A i does not pass through the vertex o of S i we get 2p a (A i ) − 2 = (4h + 12f ) · (2h + 7f ) = 28, a contradiction. Proof. Let deg(S i ) = 2 for some i ≤ h and so S i is an irreducible quadric surface. The complete intersection curve A i := S i ∩ U 4 is certainly admissible; it has ω A i ∼ = O A i (2) (if there were no other components of C it would give O X (1) ⊕2 as the associated bundle). Since A i is connected due to its ampleness in S i , it is a connected component of degree 8 of C. By the previous steps we have deg(S i ) = 2 for all i ≤ h. Note that the case k = h = 2 is the one found with d = 16.
We may write C i instead of A i for i ≤ h, because each A i is connected.
(a) Assume h = 1 and then I C i ,P 5 (2) is globally generated for all i ≥ 2. If C i = P 5 , then we are in the case H 0 (E(−1)) = 0. Take E i ⊂ E red with i ≥ 2 such that C i ⊂ E red . Since C i is contained in a complete intersection of 4 quadrics, we have d i ≤ 16 and C i has neither dimension 3 nor dimension 4 (see the proof of Prop. 4.5). Since C i = P 5 , the genus bound gives d i ≥ 14. However there is an irreducible component E j of E red such that C i is contained in the intersection of E j with a quadric hypersurface not containing E j . In particular we have d i ≤ 2 deg(E j ). Since h > 0 and deg(E) = 8, we have deg(E j ) ≤ 6 and so d i ≤ 12, a contradiction.
(b) Assume h ≥ 2. We have ∪ i≤h S i ⊂ E and the same quartic hypersurface U 4 must work for all S i with dim(S i ) = 2. If S 1 = S 2 , then we have dim(S 1 ∩ S 2 ) = 1 and so C 1 ∩ C 2 = S 1 ∩ S 2 ∩ U 4 = ∅, a contradiction. Now assume that S 1 ∩ S 2 is a plane, i.e. dim( S 1 ∪ S 2 ) = 4. Since E ∩ S 1 ∪ S 2 is scheme-theoretically cut out by quadrics, we get that S 1 ∪ S 2 is the complete intersection of two quadric hypersurfaces. Thus we have
, a contradiction. Therefore we have S 1 ∪ S 2 = P 5 . Since h = w and 2w < 8, we have h ≤ 3.
Assume h = k = 3, i.e. C = U 4 ∩ (S 1 ∪ S 2 ∩ S 3 ). This case gives a solution only if I S 1 ∪S 2 ∪S 3 ,P 5 (2) is spanned. For a general hyperplane H ⊂ P 5 , set
Every quadric hypersurface of H containing D i ∪ D j is a cone with vertex O ij and so every element of In this case we have
is the disjoint union of 3 lines in P 3 . Thus we have h 0 (H,
If 2 ≤ h < k, then we get C k = P 5 as in the beginning of (b), and so we have d k ≥ 14. It implies d k ≤ 2 deg(E j ) < 14, a contradiction.
CICY of degree 9
Assume that X = X 3,3 . Let U be a general cubic hypersurface in P 5 containing X; if necessary let U ′ be another cubic hypersurface containing X and so we have X = U ∩ U ′ . Recall that S i is defined to be a fixed reduced and irreducible component
If dim( C i ) = 3, then C i is not the complete intersection of a quadric surface and a quartic surface T , since T ⊆ X. In particular, we have d i ≥ 9. Since C i ∩ X is not a surface and it contains C i , we have d i = 9, i.e. C i is the complete intersection of two cubic surfaces. In other words, it is the intersection of X with a linear subspace of P 5 with codimension 2. Note that the case s = 2 with dim( C i ) = 3 for all i is in Example 4.6 and the case s = 1 with dim( C 1 ) = 3 is the case H 0 (E(−1)) = 0.
If dim( C i ) = 4, then we have d i ≥ 11, because d i = g i − 1 and π(11, 4) = 12. Similarly if dim( C i ) = 5, we have d i ≥ 14 since π(14, 5) = 15.
Our main goal in this section is to prove the following assertion.
Proposition 6.1. If E is an indecomposable and globally generated vector bundle of rank 2 on X 3,3 with c 1 (E) = 2 and h 0 (E(−1)) = 0, then E is one of the bundles in Example 4.6, 4.7, 4.10, 4.11. 6.1. Case of s = 1.
Let us assume first that C is connected and so we have S = S 1 as the irreducible component of Ψ containing C and we have S ∩ X = C as scheme. Proof. We have dim(S) ≤ 3 and dim(S) = 1 if and only if S = C. We have h 0 (P 5 , I S,P 5 (2)) = h 0 (I S (2)). Since I C (2) is globally generated and X is the complete intersection of two cubic hypersurfaces, I C,Φ (3) and I C,S (3) are also globally generated.
(a) Assume dim(S) = 3. Since C spans P 5 and S is contained in the complete intersection of two hypersurfaces, we have deg(S) = 3 or 4. If deg(S) = 4, then S is the complete intersection of two quadrics and since C = X ∩ S as schemes we get ω C ∼ = O C (4), a contradiction. Now assume deg(S) = 3 and so d = 27. Since C is a complete intersection of two cubic surfaces inside S and C is smooth, S is smooth at each point of C. Since C is the complete intersection of two ample divisors inside S, the singular locus of S has dimension ≤ 1. Let π : S ′ − → S be a desingularization map and then we have ω C = ω S (6) | C = π * (ω S ′ )(6) | C . Since C is a complete intersection of two ample divisors of S and C is smooth, to get a contradiction it is sufficient to find a nonempty effective Weil divisor D as the zero-locus of a section of π * (ω S ′ )(6). Let H ⊂ P 5 be a general hyperplane. Since we have h 1 (S, π * (ω S ′ )(i)) = 0 for all i > 0 by the Grauert-Riemenschneider's vanishing theorem, the following exact sequence
shows that it is sufficient to prove that H 0 (π * (ω S ′ )(6) | H∩S ) has a nonzero section with non-zero locus. Let H ′ be a general hyperplane of H. Since S has at most 1-dimensional singular locus, H ′ ∩ S is a smooth cubic surface. Applying the Grauert-Riemenschneider's vanishing theorem to S ∩ H we see that it is sufficient to prove that
(b) Assume dim(S) = 1. Since C is contained in the complete intersection of 4 quadric hypersurfaces of P 5 , we have d ≤ 2 4 = 16 with equality only if it is a complete intersection of 4 quadrics; this case is possible because it has ω C ∼ = O C (2) and it is as in Example 4.7. Now assume d < 16 and then we follow the argument in Lemma 5.2. Let E be the intersection of 4 general quadric hypersurfaces containing C. Since C is the scheme-theoretic intersection of quadric hypersurfaces, E is a curve, E is the complete intersection of 4 hypersurfaces of degree 2 and E = C ∪ F with F a scheme of dimension 1 with deg(F ) = 16 − d, i.e. F is a line if d = 15, while F is either a double structure on a line or the union of two disjoint lines or a plane conic if d = 14. Since E is a complete intersection, the adjunction formula gives ω E ∼ = O E (2) and so
. Since E is a complete intersection, the cohomology groups of the sheaves I E,P 5 (t) give h 0 (O E ) = 1. Therefore
Assume now dim(S) = 2. Since S is contained in a complete intersection of quadrics, we have deg(S) ≤ 8 and the equality holds if and only if S is a complete intersection of 3 quadrics. Since C is the intersection of S and the intersection of two cubics, we have deg(C) ≤ 3 deg(S). Since d ≥ 13 (when s = 1 we have d ≥ 14), we have deg(S) ≥ 5. By the Bertini theorem the scheme S ∩ U is smooth outside C. Since 2d > 3 deg(S), we get that S ∩ U does not contain C with multiplicity ≥ 2. Since S is reduced and dim(S) ≥ 1 at each P ∈ S, the local ring O S,P is reduced. We get that the scheme U ∩ S is a reduced curve. 
However, since C is cut out scheme-theoretically by U and U ′ inside S and deg(U ′ Proof. There are 3 quadric hypersurfaces Q, Q ′ , Q ′′ ⊂ P 5 such that Q ∩ Q ′ ∩ Q ′′ = S ∪ M with M a plane. Let V ⊂ P 5 be a general 3-dimensional subspace and then V ∩(S ∪M ) is the union of 8 points and it is the complete intersection of 3 quadric surfaces of V . Thus we have h 0 (V, I V ∩(S∪M ) (2)) = 3. Since no three points of S∩V are collinear and no six of them are coplanar, we have h 1 (V, I S∩V (2)) = 0. We get h 0 (V, I V ∩S (2)) = 3 and so any quadric surface containing V ∩ S contains the point V ∩ M ; this is a particular case of the Cayley-Bacharach property for complete intersections (see [10] ). Therefore every quadric hypersurface of P 5 containing S contains M . Hence the base-locus of I C (2) contains the space curve M ∩ X, a contradiction. [19] , [4] gives p a (D) = 2. For a general U ∈ |I C,P 5 (3)|. We have S ∩ U = C ∪ L with L a line. Varying U we see that S contains infinitely many lines, i.e. it is the image of a base point free linear system on a P 1 -bundle on D. Now for a vector bundle F of rank 2 on D. Set S ′ := P(F). We know that S comes from a complete linear system on S ′ . We use ∼ for numerical equivalence on S ′ . Since D has positive genus, two numerically equivalent line bundles may have different cohomology group. We have Pic(S ′ )/ ∼ ∼ = Z ⊕2 = Z h, f , where f is a fiber of the ruling u : S ′ − → D of S ′ and h is a section of u with minimal self-intersection. Set e = −h 2 . By a theorem of C. Segre and M. Nagata in [17, Ex. V.2.5], we have e ≥ −2. Since D has genus 2, the adjunction formula applied first to h ∼ = D and then to f ∼ = P 1 gives ω S ′ ∼ −2h + (−e + 2)f . Since deg(S) = 6, the linear system mapping S ′ onto S is numerically equivalent to h + (3 + (e/2))f ; in particular e is even. Since deg(C ∩ L) = 3, the linear system whose member has C as its isomorphic image is numerically equivalent to 3h + af for some a ∈ Z. Since 17 = d = (3h + af ) · (h + (3 + (e/2)))f , we have a = 8 + 3(e/2). The adjunction formula gives 34 = 2g − 2 = (3h + (8 + 3(e/2))f )(h + (10 + (e/2))f ) = −3e + 30 + (3e/2) + 8 + (3e/2), which is absurd.
The case d = 18 is realized on some X 3,3 by Example 4.11. In this case C is the complete intersection of S and a cubic hypersurface and hence S is smooth at each point of S and with finitely many singular points. Example exists on some X 3,3 as in Example 4.10. Now assume d = 14. If U ⊂ P 3 is a general hypersurface of degree 3 containing X, then we get
Since p a (C ∪ L) = 16, we get g ≤ 14, a contradiction.
6.2. Case of s ≥ 2. Let us assume that C is not connected.
Lemma 6.7. We have S i = S j for some i = j.
Proof. Assume S i = S j for all i = j and let S = S i . We have S ∩ X = C as schemes and S is irreducible. Note that dim(S) ≤ 3 since S ∩ X = C is a curve and X is a complete intersection. Moreover we have dim(S) > 1 since C is not connected. If dim(S) = 3, then C is the complete intersection of 3 hypersurfaces of P 5 and so it is connected, a contradiction. Thus we may assume dim(S) = 2. Since S is a surface cut out by quadrics in P 5 , so deg(S) ≤ 8 and the equality holds if and only if S is a complete intersection of 3 quadric surfaces. 
If d i = 16, then Ψ = E i and so h 0 (I C (2)) ≤ 3. Since Ψ is cut out by at most 3 quadric equations, each irreducible component of Ψ red has dimension at least 2. It implies dim(S i ) ≥ 2, a contradiction. If d i = 15, then we have
, we get L ∩ C i = ∅, contradicting the connectedness of any complete intersection curve. If d i = 14, then we have E i = C i ∪ D with D either a smooth conic or the disjoint union of two lines or a double structure over a line. We can get a contradiction as in the case d i = 15; we may also use [16, Theorem 3 .15] to get that C i is contained in an irreducible surface of degree at most 5; since C i ⊂ E i and E i are cut out by quadrics, we would get d i ≤ 10, a contradiction.
Assume for the moment dim(S 1 ) = 3. Since S 1 ∩ X is either C 1 or C 1 ∪ C 3 as a scheme, we have d − d 2 ≥ 9 deg(S 1 ). Since d 2 ≥ 9 and d < 36, we get deg(S 1 ) ≤ 2. Assume for the moment deg(S 1 ) = 2. We get that S 1 is a quadric hypersurface of a 4-dimensional space. and hence
Since C 1 is a connected component of S 1 ∩ X, we get a contradiction. Hence all 3-dimensional S i are linear spaces. So we get that dim(S i ) = 3 if and only if d i = 9 and C i is the complete intersection of X with a codimension 2 linear subspace of P 5 . Now fix i ∈ {1, . . . , s} with dim(S i ) = 2 (if any). Since deg(C i ) ≥ 11 and
Lemma 6.9. There exists an index i with dim(S i ) = 3.
Proof. Assume dim(S i ) = 2 for all i. By the previous paragraph and the assumption S i = S j for some i, j, we get that among the surfaces S i , 1 ≤ i ≤ s, there are exactly two different surfaces, say S 1 and S 2 . Since S 1 ∪ S 2 is contained in the intersection E of 3 quadric hypersurfaces with dim(E) = 2, then deg(S 1 ) = deg(S 2 ) = 4. By Lemma 6.8 we also get dim( C i ) = 4 for all i. Since S 1 ∩ U has degree 12, it cannot contain two components of C. Thus we have s = 2 and d i ∈ {11, 12} for all i. Since dim( C i ) = 4, deg(S i ) = 4 and (S 1 ∪ S 2 ) ∩ C i is cut out by quadric hypersurfaces in C i , we get that each S i is a complete intersection of two quadric hypersurfaces in C i .
Assume for the moment d i = 11. Since C i ⊂ S i ∩ U for a general cubic hypersurface U containing X, we get
. Since S i ∩ U is a complete intersection, it is connected and p a (C i ∪ L) = 13. Since g i = 12, we get deg(C i ∩ L) = 2 and hence either C i ∪ L is nodal or it has a unique singular point, which is an ordinary tacnode. Since
and each C i is the complete intersection of two quadric hypersurface of P 5 , a cubic hypersurface and a hyperplane. Let U ⊂ P 5 be a general cubic hypersurface containing C and then we have C = U ∩ (S 1 ∪ S 2 ). Since s ≥ 2, to get a contradiction it is sufficient to prove that S 1 ∪ S 2 is the complete intersection of 3 quadric hypersurfaces. Since h 0 (P 5 , I S 1 ∪S 2 (2)) = h 0 (I C (2)) ≥ 3 and S 1 ∪ S 2 is a surface of degree 8, it is sufficient to prove that h 0 (P 5 , I S 1 ∪S 2 (2)) ≤ 3. Set H i := C i and M := H 1 ∩ H 2 . Since C spans P 5 and s = 2, we have H 1 = H 2 . Therefore M is a hyperplane of each H i . Fix a general A ⊂ M with ♯(A) = 2. Since S i is a complete intersection of two quadric hypersurfaces inside H i , we have h 0 (H i , I S i ,H i (2)) = 2 and h 0 (H i , I S i ∪M,H i (2)) = 0. Since ♯(A) = 2 and A is general in M , so h 0 (H i , I S i ∪A,H i (2)) = 0. Therefore we have
By Lemmas 6.8 and 6.9 we may assume 2 ≤ dim(S i ) ≤ 3 for all i and the existence of one index j with dim(S j ) = 3. Without loss of generality we assume dim(S 1 ) = 3 and so S 1 = C 1 is a 3-dimensional linear subspace, d i = 9, and C 1 is the complete intersection of C 1 and two cubic hypersurfaces.
Lemma 6.10. We have dim(S i ) = 3 for all i.
Proof. Without loss of generality let us assume dim(S 2 ) = 2 and then we have dim( C 2 ) ≥ 4.
First assume dim( C 2 ) = 4. Since the irreducible surface S 2 is cut out by quadric hypersurfaces inside C 2 , we have deg(S 2 ) ≤ 4. Since d 2 ≥ 11 and C 2 is contained in the intersection of S 2 with a cubic hypersurface U , we get deg(S 2 ) = 4. We also get that S 2 is the complete intersection of two quadrics of S 2 and so d 2 ∈ {11, 12}. If d 2 = 11, then C 2 is contained in a surface T of degree at most 3 by [16, Theorem 3.15 (i)] with (d, r, m 1 , ε 1 , µ) = (11, 4, 2, 2, 0). Since C 2 is cut out by quadric and cubics, we get d 2 ≤ 3 deg(T ) ≤ 9, a contradiction. Now assume d 2 = 12 and so C 2 = S 4 ∩ U . Since h 0 (H, I S 2 (2)) = 2 and C 1 ∩ C 2 is at least one plane, the set H ∩ Ψ contains a quadric hypersurface of H, a contradiction. Now assume dim( C 2 ) = 5 and so d 2 ≥ 14. As in (b) of the proof in Proposition 6.2, we can get d 2 = 14. Since d 2 ≤ 3 deg(S 2 ), we also get 5 ≤ deg(S 2 ) ≤ 8. Since S 2 spans P 5 , no reducible quadric contains C 1 ∪ C 2 . Since s ≥ 2, C is not the complete intersection of X with two quadric hypersurfaces. Thus we have h 0 (P 5 ,
If deg(S 2 ) = 8, then we have h 0 (P 5 , I S 2 (2)) = 3. Since C 1 S 2 , so h 0 (I C 1 ∪C 2 (2)) ≤ 2. It is not possible since C is not connected and so not the complete intersection of two quadrics and two cubics, which implies h 0 (I C 1 ∪C 2 (2)) > 2. Similarly as in Lemma 6.4 we have deg(S 2 ) = 7.
Assume deg(S 2 ) = 5. Since d 2 ≥ 15, we get that C 2 is the complete intersection of S 2 and a cubic hypersurface. As in the proof of Lemma 6.5 we have bundles as in Example 4.10, but its associated curve C must be connected, a contradiction. Now assume deg(S 2 ) = 6. Since C 2 ⊆ S 2 ∩U with U a cubic hypersurface, we have 15 ≤ d 2 ≤ 18. As in Lemma 6.5 we exclude the case d 2 = 17. If d 2 = 15 and so π 1 (5, 15) = 16, then C 2 is contained in a surfaces of degree ≤ 5 by [16, Theorem 3 .15] and so it is a complete intersection of a cubic surface and a surface of degree 5. As in the case of deg(S 2 ) = 5 above, we get a contradiction.
(a) Assume d 2 = 16. Since h 0 (O C 2 (2)) = g 2 = 17 and h 0 (O P 5 (2)) = 21, we have h 0 (P 5 , I C 2 ,P 5 (2)) ≥ 4. Since d 2 > 2 deg(S 2 ), every quadric hypersurface containing C 2 also contains S 2 . For any irreducible and nondegenerate curve T ⊂ P 5 , let Sec(T ) denote its secant variety, i.e. the closure in P 5 of the union of all lines L ⊂ P 5 containing at least two points of T and then we have dim(Sec(T )) = 3 by [1, Remark 1.6]. Thus we have C 1 ∩ Sec(C 2 ) ≥ 1. Let M be a positive-dimensional irreducible component of C 1 ∩ Sec(C 2 ). Since C 2 C 1 , so C 1 ∩C 2 is finite. Fix P ∈ M with P / ∈ C 2 . Since C 2 is a smooth curve, Sec(C 2 ) is the union of all lines L ⊂ P 5 with deg(C 2 ∩ L) ≥ 2, not just the closure of this union. Therefore there is a line L containing P and with deg(L ∩ (C 2 ∪ {P }) ≥ 3. Since P ∈ C 1 ⊂ Ψ, we get L ⊂ Ψ. Taking the closure of the union of all these lines L for some P ∈ M \ (M ∩ C 2 ) we get an irreducible variety N ⊂ Ψ containing C 2 . Since deg(C 2 ) > 9, we get that dim(N ) = 2 and so deg(N ) ≥ 5. Assume for the moment N S 2 . Since C 1 ∪ C 2 is cut out scheme-theoretically by cubics, we have
) (e.g. by [13, Theorem 2.2.5]), a contradiction. Thus we have N = S 2 , and in particular dim(M ) = 1 and S 2 is ruled by lines with M meeting a general line of the ruling of S 2 at a unique point. Since S 2 ∩ U = C 2 , we also get the existence of an integer c with 2 ≤ c ≤ 3 such that ♯(L ∩ C 2 ) = c for a general line of the ruling of S 2 . Let H ⊂ P 5 be a general hyperplane and then the scheme S 2 ∩ H is an integral curve of degree 6 spanning H. Therefore the normalization Y of S 2 ∩ H has genus q ≤ 2. Since S 2 is ruled by lines, there is a P 1 -bundle π : P(F) − → Y over Y with F a spanned vector bundle of rank 2 on Y and F ∼ = π * (O P(F ) (1)) and a morphism u : P(F) − → P 5 with image S 2 , birational onto its image and with its fiber of π mapped onto a line of the ruling of S 2 . Since ω C 2 is very ample, so C 2 is not hyperelliptic. Since ω C 2 ∼ = O C 2 (1) and O C 2 (1) is very ample, the canonical model of C 2 has no trisecant line. Therefore C 2 is not trigonal. Note that we have q > 0 since c ∈ {2, 3}. Let C ′ denote the only irreducible curve of P(F) with u(C ′ ) = C 2 . Note that Pic(P(F))/ ∼ ∼ = Z ⊕2 = Z h, f with a fiber f of u and a section h of ui with minimal self-intersection. Set e = −h 2 and then we have e ≥ −q by a theorem of C. Segre and N. Nagata in [17, Ex. V.2.5 (d)]. Since deg(S 2 ) is even, so e is even. Since F is spanned, we have e ≤ 6 with the equality if and only if S 2 is a cone. We have ω P(F ) ∼ −2h + (2q − 2 − e)f and O P(F ) (1) ∼ h + af for some a ∈ Z. Since deg(S 2 ) = 6 and h 2 = −e, then we have a = 3 + (e/2).
(a1) Assume c = 3. We have C 2 ∼ 3h + bf for some b. Since deg(C 2 ) = 16, then (3h + bf ) · (h + (3 + (e/2))f ) = 16, i.e. b = 16 + (3e)/2. Since ω P(F ) ∼ −2h + (2q − 2 − e)f , the adjunction formula gives 32 = 2g 2 − 2 = (3h + (16 + 3e/2)f ) · (h + (2q − 2 + 16 − (e/2)f ) = −3e + 16 + 3e/2 + 6q − 6 + 48 − 3e/2.
Since e is even and −6 ≤ e ≤ 2, we get a contradiction.
(a2) Now assume c = 2. Writing C 2 ∼ 2x + bf , we get (2h + bf ) · (h + (3+e/2)f ) = 16, i.e. b = 16+e and so 32 = 2g 2 +2 = (2h+(16+e)f )·((2q − 2 + 16)f ) = 32 + 2q − 2. It implies q = 1 and so C 2 is a bielliptic curve. Since O C 2 (1) = ω C 2 (−1), both O C 2 (−1) and O C 2 (1) = ω C 2 (−1) are spanned, i.e. O C 2 (1) is a primitive line bundle in the sense of [7] . The Clifford index Cliff(L) of a special line bundle L on C 2 is the integer deg(L) + 2 − 2h 0 (L). We have Cliff(O C 2 (1)) = 16 + 2 − 2h 0 (O C 2 (1)) ≤ 12. Since C 2 is bielliptic, it is not trigonal or hyperelliptic, but it has infinitely many g 1 4 's, i.e. line bundles L with Cliff(L) = 2. By [7, 2.2.1, 2.2.3 or 2.3.1] each primitive line bundle L on C 2 has either Clifford index 2 or g − 3 = 14. Therefore we have Cliff(O C 2 (1)) = 2, i.e. h 0 (O C 2 (1)) = 8, contradicting the Castelnuovo's genus bound in P 7 , since π(16, 7) = 12.
(b) Assume d 2 = 18. Since C 2 ⊆ S 2 ∩ U , we get that C 2 is the complete intersection of S 2 and a cubic hypersurface. Since C 2 is smooth and an ample Cartier divisor of S 2 , we get that S 2 is smooth at each point of C 2 and it is has only finitely many singular points. Look at Sec(C 2 ) and its intersection with C 1 . We get that S 2 is ruled by lines and that a general line of this ruling meets C 2 at exactly 3 points. Take P(F), u, C ′ as in (a) with ω P(F ) ∼ −2h + (2q − 2 − e)f and O P(F ) (1) ∼ h + (3 + (e/2))f . Since C 2 is the complete intersection of S 2 and a cubic hypersurface, we have C ′ ∼ 3h + (9 + (3e/2))f and so we have 36 = 2g 2 − 2 = (3h + (9 + (3e/2))f ) · (h + (2q + 7 − e/2)f ) = −3e + 9 + (3e/2) + 2q + 7 − e/2 = 2q + 16 − e.
Since e ≥ −q and q ≤ 2, we get a contradiction.
Remark 6.11. We have C i = C j for all i = j since C i = X ∩ C i . Proposition 6.12. Let E be an indecomposable and globally generated vector bundle of rank 2 on X 3,3 with c 1 (E) = 2 and h 0 (E(−1)) = 0. If its associated curve C is not connected, then E is as in Example 4.6. Proof. By Lemma 6.10 we may assume dim(S i ) = 3 for all i. Without loss of generality assume dim( C 1 ∩ C 2 ) = 2, i.e. with H := C 1 ∪ C 2 a hyperplane. In case s = 2 we have H 0 (E(−1)) = 0 and so we may assume s = 3. The base locus of the linear system |I C 1 ∪C 2 ,H (2)| is the reducible quadric C 1 ∪ C 2 . Thus X ∩ H is cut out by quadrics and two cubic hypersurfaces of H if and only if C 3 ∩ H ⊂ C 1 ∪ C 2 . It is not possible, because C 3 meets the hyperplane H, C 3 ∩ C 1 = C 3 ∩ C 2 = ∅ and X ∩ C i = C i , i = 1, 2.
Thus we have dim( C i ∩ C j ) = 1 for all i = j, i.e. C i ∪ C j = P 5 . The case s = 2 is in Example 4.6; we obtained the additional information that when s = 2 the only bundles are the ones described in Example 4.6. Now assume s = 3. For all i = j, set L ij := C i ∩ C j and W ij := C i ∪ C j . The scheme W ij has 5-dimensional Zariski tangent space at each point of L ij . Therefore every quadric hypersurface containing W ij is a quadric cone with vertex containing L ij . Therefore every quadric hypersurface containing C 1 ∪ C 2 ∪ C 3 is a quadric cone with vertex containing L := L 12 ∪ L 13 ∪ L 23 . If dim(L) ≥ 2, then we have L ∩ X = ∅ and so C has at least one singular point, a contradiction. Thus we have C 1 ∩ C 2 ∩ C 3 = L 12 . Let V ⊂ P 5 be a 3-dimensional linear space with L 12 ∩ V = ∅. The scheme V ∩ ( C 1 ∪ C 2 ∪ C 3 ) is the union of 3 disjoint lines. Since every element of |I C 1 ∪C 2 ∪C 3 (2)| = |I C 1 ∪ C 2 ∪ C 3 (2)| is a cone over the unique quadric surface containing V ∩ ( C 1 ∪ C 2 ∪ C 3 ), we get h 0 (I C (2)) = 1 and so I C (2) is not globally generated.
Example on CICY of codimension 3
In this section we suggest an example of globally generated vector bundles E of rank 2 on a CICY threefold X of codimension 3 with c 1 (E) = 2 and h 0 (E(−1)) = 0, i.e. X = X 2,2,3 . We do not know other examples, while our tools are not enough to say that they are the only ones. In [21, Theorem 1.2] the existence of some isolated and smooth curves is shown on the general CICY threefold. ) is globally generated. Since S is linearly normal, we have h 1 (I S,P 6 (1)) = 0 and so I S,P 6 (2) is spanned at each point of H from (8) .
Let us fix a point P ∈ P 6 and let H be a general hyperplane with P ∈ H. To show that I S,P 6 (2) is spanned at P , it is sufficient to find H so that S ∩ H is smooth. By the Bertini theorem the curve S ∩ H is smooth, except at most at P . If P / ∈ S, then S ∩ H is smooth. If P ∈ S, then we can take as H a hyperplane not containing the tangent plane of S at P . Proposition 7.2. On some X 2,2,3 ⊂ P 6 there exists a globally generated vector bundle E of rank 2 with the Chern classes (c 1 , c 2 ) = (2, 18) and H 0 (E(−1)) = 0.
Proof. Let S ⊂ P 6 be a weak del Pezzo surface of degree 6, possibly with only finitely many singular points (see [9] ). It is projectively normal and cut out by quadrics by Lemma 7.1. Therefore there are two quadrics U and U ′ containing S such that dim(U ∩ U ′ ) = 4 and U ∩ U ′ is smooth outside S. Let W ⊂ P 6 be a cubic hypersurface such that C := W ∩ S, a scheme-theoretic intersection, is a smooth curve and X := U ∩U ′ ∩W is smooth outside S, e.g. we can take as W a general cubic hypersurface by the Bertini theorem. Then the adjunction formula gives ω C ∼ = O C (2). Since S is scheme-theoretically cut out by quadrics, so I C,X (2) is spanned. Note that X = X 2,2,3 is a CICY of degree 12.
